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The equations of gravitational general relativity are developed with
Cartan geometry using the second Cartan structure equation and the sec-
ond Bianchi identity. These two equations combined result in a second
order differential equation with resonant solutions. At resonance the force
due to gravity is greatly amplified. When expressed in vector notation,
one of the equations obtained from the Cartan geometry reduces to the
Newton inverse square law. It is shown that the latter is always valid in
the off resonance condition, but at resonance, the force due to gravity is
greatly amplified even in the Newtonian limit. This is a direct consequence
of Cartan geometry. The latter reduces to Riemann geometry when the
Cartan torsion vanishes and when the spin connection becomes equivalent
to the Christoffel connection.

PACS numbers: 95.30.5f, 03.50.—z, 04.50.+h

1. Introduction

It is well known that the gravitational general relativity is based on Rie-
mann geometry with a Christoffel connection. This type of geometry is a
special case of Cartan geometry [1] when the torsion form is zero. There-
fore gravitation general relativity can be expressed in terms of this limit of
Cartan geometry. In this paper this procedure is shown to produce a sec-
ond order differential equation with resonant solutions [2-20]. Off resonance
the mathematical form of the Newton inverse square law is obtained from a
well defined approximation to the complete theory, but the relation between
the gravitational potential field and the gravitational force field is shown
to contain the spin connection in general. At resonance the force field can
be greatly amplified, or conversely decreased. This is shown in Section 2
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and given the appellation “spin connection Smosmsomvw (SCR). A short dis-
cussion is given of possible technological implications in the area of counter
gravitation.

2. Gravitation and Cartan geometry

The existence of SCR in the theory of gravitation is shown by consider-
ation of the second Cartan structure equation

mnv = .U A Env A”_,v
and the second Bianchi identity of Cartan geometry

fore
there DA(DAwWY)=0 (3)
and this is a second order differential mncm&on with resonant monMOJm
[2-20]. In these equations w? is the spin connection form _Hiwo_ and R% is
the curvature or Riemann form. The symbol DA is the covariant exterior
derivative of Cartan geometry and A represents the émﬁ.mmm product of Cartan
geometry. If the torsion form T of Cartan geometry is zero

T®=0. (4)

Egs. (1) to (3) reduce to Riemann geometry, mwa are fully equivalent to Mwm-
mann geometry [1-20]. It is well known that ?.mBEE geometry was wmm Y
Einstein and independently by Hilbert to ovgg ﬁg.mmi.mncmﬂ_os M mmmm:w.(
tational general relativity. From Eq. (3) ._wn is .mwoé.s in .S:m Ummm ﬁmmwa O
exists in gravitational general theory within Einstein—Hilbert (EH) fie u e-
ory. If Egs. (1) and (2) are developed into tensor and vector equations mvm
lose the basic simplicity of structure of Egs. (1) and (2) and the existence o
SCR is obscured. So the existence of this E%oi.nmi resonance phenomenon
has been missed for ninety years. Written out in full, Egs. (1) and (2) are
- R% = d AW+ W AW (5)

and
d A R% +w® AR, — R% Aw =0, (6)

where dA is the exterior derivative of Cartan geometry. Eq. (4) becomes

T°=dAg* +wAg =0 (7)

so in Riemann geometry the following relation exists between the tetrad
form ¢% and the spin connection form

dAg* =q* Auw?y. (8)

EH theory relied on a second order description through the symmetric metric
b

G = 9 g v "ab (9)

where 7., is the Minkowski metric [1-20]. In Cartan geometry the description
of gravitation is first order through the tetrad, and is simpler and more

elegant. However the physical results of the two representations are the
same. Eq. (6) can be rewritten as

&\/.mnv = .w.nvu AHOV
dARY = %, (11)
where
.w.n.v = mmo A C.\ov — EDO A mov y AHMV
3% = R% AW — W% A RS (13)

The tilde denotes the Hodge dual [1-20] of the tensor valued two-form

mnvtt = Imnvtt AHNC

in four-dimensions (time and three space dimensions). Egs. (10) and (11) are
directly analogous to the electrodynamic section field equations of Einstein—
Cartan-Evans (ECE) field theory [2-20]

dNF° = \Eo.w.nv AHUV
dAF® = poje, (16)

where F'* is the electromagnetic field form, po is the permeability in vacuo

and j* is the homogeneous current of ECE field theory. The ECE Ansatz
defines

F* = A0Te, (17)
A= AO g (18)

éwﬂo DAS.V is the primordial or universal voltage of ECE theory and where
A% s the differential form that defines the electromagnetic potential. If there



is interaction between electromagnetism and gravitation Egs. (10) to (18)
are inter-related by the first Bianchi identity of Cartan geometry [1-20]

ANT® +w AT := Ry A g (19)
i.e.
AAT® = Ry Agb—w AT (20)
or
ANFe = AO Qﬁ Agb — w A iv . (21)
It is seen that
A0
i = SRy NG = A ) (22)
Ho
and
~ A0 b <
o _ a _,,a i )
o = S (Bynd - nT) (23)

Eq. (19) links the curvature form R%, with the torsion form Tb. Eq. (17)
defines the electromagnetic field F** as the Cartan torsion T® within a factor
A©® and Eq. (18) defines the electromagnetic potential A% as the Cartan
tetrad ¢® within the same factor. In EH theory there is no torsion and
the spin connection reduces to the Christoffel connection. This means that

Eq. (19) reduces to
R%WAg"=0 (24)
which is the Ricci cyclic equation used in EH theory. In

Eq. (24) is the well known cyclic sum

tensor notation

mﬁ:\b + mQ\Et + mq_%t =0, ﬁwmv
where
mo.ttb = .Qo.z.mzttb“
mo.btt = .Qo.zmwzbtt )
mo.tbt = .qu.mztbt : AM@V
Here R",,, is the Riemann tensor related to the Riemann form by
(27)

b
R p =00 u B -
Ricci inferred tensors in the late nineteenth century and Einstein used tensor

notation from about 1906 to 1916 to develop the EH field equation from the

Smm o ereur Wy LLALLEUGLY 4210

second Bianchi identity (2) in tensor i —

not available .do mu:mdmwm WEE well mﬂ%mﬂmwwwg@?%%hw M%MMW mmo:wmsv\ ton
developed their well known correspondence. HW was durin ﬂm. e oartan
mewm that Cartan suggested that the electromagnetic mm_mmdo M.MMMMMM%OM-
eo@o:. .me ECE Ansatz (17) was developed independently in earl ow%om
_w|wo._ S;vo:ﬂ r%os_mamm of Cartan’s suggestion. The Ansatz is the mww\z 1 ;
M\Jm in EE% wu . and T“ can be related by direct proportionality Hr% MM

eld equation is inferred from a comparison of this tensorial Bi w i i

of Riemann geometry with the Noether Theorem anchi identity

D,G" = kD, T+
= 0. (28)
The EH field equation is a possible solution of Eq. (28) and is
G* = kT | (29)

E\. . .
Mmﬂwbmwm is the @Mmguw tensor, k the Einstein constant and T the canoni
y-momentum density in tensorial form. E i ‘

. Eq. (29) is well k
much less transparent than the equivalent Cartan mawmﬂwo: nowm, bue

DAw% = kDATY
=0 (30)

The use of tensor notation ob i
scured the existence of SCR for ni
From Eqs. (5) and (10) the basic SCR equation of EH gmo&w MEQ@ Y

dA (AW +w' Aws) = 5% (31)

and i : :
m %%swmw EOQMm dual. It is shown in this section that Eq. (31) produces an
@odmbahc_w MMH of resonance .UmQWm of infinite amplitude in the gravitational
potentia >1ﬂ8_.ﬁ.ﬁo mwos this numerically, Eq. (31) is developed in vector
. ntion 1s restricted to the equivalent of i
ECE gravitational theory. This o@:?&m%ﬂm o the Coulomb Lav in

V. ital) = JO°
R(orbital) = J°, (32)

where the orbital curvat :
metric as rvature vector [2-20] is defined from the Schwarzschild

N R(orbital) = R° %4 4 R00%5 4 RO 03 (33)
€ analogy of Eq. (32) in electrodynamics is the Coulomb Law [2-20]
v.E=L
= (34)



where E is the electric field strength in volts per meter, p is the charge
density in coulombs per cubic meter and €o is the vacuum permittivity. In

ECE theory
E=—-(V+w)o, (35)

where w is the spin connection vector. Far off resonance [2-20]
Vo =wo. (36)

There are direct gravitational analogues of Eqgs. (34) to (36). These are
found from the vector equivalent of the second Cartan structure equation,

Eq. (1), which is

1 0w®
‘mwnv - _= b qsoav _ EOQnEnv + EnnEo

c Ot

in vector notation. The spin connection form is the four-vector

% (37)

a

Wiy = Aan?cun.&v ﬁwwv

with time-like component w®, and space-like component w%,). For each a
and b the time-like component is a scalar and the space-like component is
a vector in three dimensions. The electromagnetic analogue of Eq. (37) is

[2-20]

8A°
@D = — mw — qumwon - Q\Qon.vb@ —+ O\wO@EDv“ A“,w@v
where A® is the vector potential and
$* = cA™ (40)

is the scalar potential. It is seen that w? in gravitational theory plays
the role of A® in electromagnetic theory. The role of ¢ in electromagnetic
theory is played by w, in gravitational theory. The role of E® in elec-
tromagnetic theory is played by R?, in gravitational theory. The vector R
(orbital) is a particular case of R%, defined by Eq. (33). This particular case

fixes the indices a and b.
Attention is now confined to the equivalent in gravitational theory of the

clectrostatic limit in electromagnetic theory, a limit in which E is expressed
in terms of the scalar potential only

E®=-V¢* +we’. (41)
The equivalent of Eq. (41) in gravitational theory is

NND& = lldsonv -+ EQQEOG@ . A%Mv

The gravitational scalar potential is therefore identified as the time-like part

of the spin connection

a _  Oa
QV«IE b A%va

Thus
By ==V +ut.a. (44)

It is convenient to use a negative si
ative sign for .
tion, so g g the vector part of the spin connec-

=~ (Ve +ue i) (45)

This is the direct gravitational
. analogue of the electromagneti
tion (35). The off resonance condition [2-20] is now defined gm S e

a c
qgv - Ean@ : A%@V

w?, Dp HEno%m.T....TEnw%m. (47)
Since @ and b occur in the same way in all terms, Eq. (47) can be written as
(We )% = (wo° + - + w3 8%)%, . (48)

The indices a and b are found b
) : : y the use of the Schwarzschild ic i
defining R(orbital) in Eq. (33). For each @ and b we Qmmsw 1 meme

E%unso%o+...+€w%u. (49)
With these definitions

R(orbital) = —(V +w)d
= R+ R%%%j + ROk, (50)
From Egs. (32) and (50)
QMQIQ.AE@VHI.\O AUHV

which is the gravitational analogue of the electromagnetic

QN&IQ.AE&VHIW. Amwv

‘HJ . .
he Newton inverse square law is obtained from units analysis [2-20]

F = m*GR(orbital), (53)



where F is force, m is mass and G is the Newton gravitational constant.
Here R(orbital) has the units of inverse square meters. The Newtonian
limit is defined as the off resonance condition

Vé=wd (54)
with gravitational potential
1
¢=—- (55)
T
along the radial direction. Therefore the spin connection vector is found to
be
Le (56)
W= ——€r,
r

where e, is the radial unit vector in spherical polar coordinates. Therefore

1
Vo=wd=—e (57)

and 9
R(orbital) = —3er- (58)

The Newton inverse square law emerges from Egs. (53) and (58) by identi-

fying
Sw =myms, Amwv

where my and ms are two gravitating masses, and by using half the value of
R(orbital) in Eq. (58). In the non-relativistic (classical) theory of Newtonian
dynamics the spin connection is missing, and the classical relation of force

and gravitational potential is

F=-mmyGV%. (60)

In gravitational general relativity, gravitation is due to curvature, and the
spin connection is always non-zero. This means that the force in general
relativity is twice the force in the classical for a given potential ¢. The
extra contribution is due to the spin connection as follows

F(classical) = —mmaGV &, (61)
F(relativistic) = —mimaG(V +w)d. (62)

Off resonance therefore the presence of the spir connection cannot be de-

tected because it simply doubles the definition of the potential. The force
is the quantity which is detected experimentally and as long as the force
is expressed in terms of the potential as in Eq. (57) the inverse square law

<<<<<<<<<< b4 L1y

is not changed. Similar considerations a —

.MOM .ﬁ:moa\. Hwo factor two also ooocamwmamwm owaﬂmmwyﬁWmEOﬁﬂioBU o of
is m:.:\ma mﬁ. via a different route in a much more com licat aooQ }, but
bending .0m light by gravity the relativistic result is 50% k o oy, ﬁ.wm
the classical result to a precision of one part in 100,000. A w0 e fice
theory of this well known result is much more oObw :o.mﬁ

route used here and elsewhere [2-20] in this series mm N
finally from the radial form of Eq. (51), which is e

gain, the tensorial
d than the simple
ers. SCR emerges

9%¢ 16 1

A AT N S
a2 ror r2s -7 (63)
where it is assumed that there is an oscillatory driving term
J? = J%0) cos(kr) . (64)
The electromagnetic analogue of Eq. (63) is
P 100 1. p0)
or?2  ror Uﬁ - e cos(rr) (65)

whi i

wo_am,%mwmm Uowsﬁ.mo?oa recently using analytical and numerical methods [2-

Smm:mso SO M ions for ¢ ms.a ® show the presence of an infinite number of
e peaks, each of which become infinite in amplitude at resonance
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